In earlier works, it was seen that a Z/2 orbifold of the theory of 24 free two-dimensional chiral fermions admits various sporadic finite simple groups as global symmetry groups when viewed as an N = 1, N = 2, or N = 4 superconformal field theory. In this note, we show that viewing the same theory as an SCFT with extended N = 1 symmetry -where the extension is the same one which arises in string compactification on manifolds of exceptional Spin (7) holonomy -yields theories which have global symmetry given by the sporadic groups M 24 , Co 2 or Co 3 . The partition functions twined by these symmetries, when decomposed into characters of the Spin(7) algebra, give rise to two-component vector-valued mock modular forms encoding an infinite-dimensional module for the corresponding sporadic groups.
Introduction
The discovery of 'Monstrous Moonshine' [1, 2] opened a rich new area of exploration, uncovering mysterious connections between sporadic simple groups, conformal field theories (or vertex operator algebras), and string theory. See, for instance, [3] for a comprehensive discussion. In recent years, further examples of the moonshine phenomenon are being uncovered [4] [5] [6] , involving both new objects (such as mock modular forms [7] ) and possible connections to further subfields of mathematics (algebraic geometry, for instance). For recent reviews with extensive references, see for instance [8] [9] [10] .
Here, we contribute a further entry to the list of correspondences between sporadic groups and modular objects. We view a Z/2 orbifold of the theory of 24 free chiral fermions in twodimensions as furnishing an example of the SW(3/2, 2) superalgebra, better known as the superalgebra which appears in string compactification on manifolds of exceptional Spin(7) holonomy [11] . The characters of this algebra were studied in [12] , building on earlier work of [13] .
See [12] for suggestive hints relating this c = 12 SCFT to sporadic groups. In this paper we elaborate on this by describing precise connections between the SCFT and the groups M 24 , Co 2 and Co 3 .
The organization of this note is as follows. In §2, we place this work in a larger context of previous work relating various superalgebras, the present c = 12 SCFT, and various sporadic simple groups. In §3, we describe how the groups G ∼ = M 24 , Co 2 and Co 3 arise as the global symmetry groups when considering the present SCFT as a representation of the Spin(7) algebra.
In §4, we briefly review the representation theory of the Spin(7) superalgebra. In §5, we first discuss the partition functions Z g = Tr gq twined by all elements g ∈ G of the global symmetry groups mentioned above. Subsequently, we discuss the mock modular properties of the 2-vector-valued functions that arise when decomposing Z g into Spin(7) characters. In §6 we close the paper with some discussions. The appendices include our conventions for standard modular functions (Appendix A); character tables for the groups which appear (Appendix B); and the coefficient tables (Appendix C) together with the corresponding representations for the twined partition functions (Appendix D).
The Free Field Theory
The two-dimensional c = 12 chiral conformal field theory that we will consider was first described in [2] , and an alternative construction was given in [14] . In [15] , it was shown that the NS sector of theory is described by a distinguished super vertex operator algebra, V s♮ , and can be regarded as the natural analogue of the Frenkel-Lepowsky-Meurman moonshine module for Conway's largest group. In this section we describe the two constructions of this 2d chiral conformal field theory, and review how its NS-sector twined partition functions are given by certain normalized principal moduli with vanishing constant terms.
The construction presented in [2] contains 8 free bosons X i compactified on the eightdimensional torus R 8 /Λ E8 given by the E 8 lattice plus their 8 fermionic superpartners ψ i , subject to a Z/2 orbifold
Clearly, this theory exhibits a manifest N = 1 supersymmetry. In addition, the orbifolding ensures that there are no NS primary fields of dimension where we write q = e(τ ) and use the shorthand notation e(x) := e 2πix . In the above E 4 (τ )
is the weight 4 Eisenstein series defined in (A.5), η(τ ) = q and so on.
Another construction of this module which renders its symmetries manifest was discussed in [14] . This module is built from 24 free chiral fermions, λ α , α = 1 . . . 24 with again an orbifold by the order 2 symmetry λ α → −λ α . From this point of view, the partition function is more naturally written as 6) which is also equivalent to the following infinite product expression:
Z N S,fermion (τ ) = q η 12 (τ ) to i = 1, . . . , 4, but this does not make a difference since θ 1 (τ, 0) = 0. As a theory of 24 free chiral fermions, it is apparent that the symmetry group of this model is Spin (24) .
Moreover, in [14] it is shown that by choosing a particular linear combination of dimension- 3 2 spin fields, one can construct an N = 1 super-current. This choice of the supercharge breaks the Spin(24) symmetry to Co 1 . Therefore, as an N = 1 module this theory has a discrete global symmetry group Co 1 .
Given this symmetry group, one can compute the partition function twined by any g ∈ Co 1 as follows. Define ǫ a , a = 1 . . . 24 to be the eigenvalues of g in the 24-dimensional non-trivial representation 24 of Co 1 , satisfying ǫ a = ǫ a+12 and Im(ǫ a ) ≥ 0, and define also z i (mod Z) by e(z a ) = ǫ a and z i ∈ [0, 1/2] . The partition function of the theory twined by g is then given by: (1 + ǫ a q n−
where χ g = tr 24 g = 24 a=1 ǫ a . In the above we have defined ε i (g) to encode the action of g on the 2 12 -dimensional spinor representation, by setting
See Appendix B for the value of Tr 4096 g for g ∈ G and G ∼ = M 24 , Co 2 , Co 3 and see Lemma 4.8 and Theorem 4.9 of [15] for a proof of the last equality in (2.8).
In fact, in [15] it was shown that a closely related set of functions, given by
is the normalized principal moduli for certain genus zero group Γ g for every g ∈ Co 1 . (Clearly, this implies that Z N S,g (τ ) is a principal modulus for the corresponding group related to Γ g by a conjugation.) We say that a group Γ ⊂ SL 2 (R) is genus zero if Γ\Ĥ is isomorphic to a Riemann sphere, whereĤ := H ∪ Q ∪ ∞ denotes the compactified upper half plane. A function invariant under Γ is said to be a principal modulus for Γ if it is given by a isomorphism Γ\Ĥ → CP 1 , and it is said to be a normalised principal modulus if it moreover has the expansion q −1 + O(q) in the limit τ → i∞.
In [16] it was shown that one can extend this construction by building larger superalgebras out of the fermions. A choice of two (three) fermions is required to generate the U (1) (SU (2)) R-symmetry currents of an N = 2 (N = 4) superalgebra. This breaks the symmetry group of the theory to a subgroup of Co 1 which stabilizes a two-(three-)plane in the Leech lattice and by construction commutes with the corresponding superalgebra. Consequently the chiral CFT, when viewed as N = 2 (N = 4) superconformal field theory, results in modules for subgroups G ′ of Co 1 that stabilize two-(three-)planes in the Leech lattice. In other words, decomposing the (U (1)-graded) partition function twined by g ∈ G ′ into characters of the corresponding superalgebra yields a two-component vector-valued mock modular form whose coefficients are given by certain g-characters. It was also established in [16] that the groups M 23 and M 22 are distinguished among the groups which preserve an N = 2 or N = 4 algebra, respectively. This is because all of their twining functions satisfy a certain "optimal pole" condition, and are thus candidates for the moonshine phenomenon.
In the rest of this paper, we explore a similar story for an extended N = 1 superalgebra, the algebra which, as discussed in [11] , is associated with c = 12 conformal field theories with target manifolds of exceptional holonomy Spin(7). This algebra, which can be defined as an N = 1 superalgebra extended by a single copy of the Ising model, breaks the global symmetry group of the Conway module from Co 1 to a subgroup which stabilizes a line in the Leech lattice. The choice of line corresponds to the choice of single fermion used to generate the c = 1 2 Ising sector of the extended N = 1. We compute twining functions for a number of groups which preserve such a "1-plane" in the Leech lattice and show they are given in terms of two-component vectorvalued mock modular forms. See Table 1 for a summary of the extended superalgebras in the Conway module and examples of the groups they preserve. The Mathieu groups M 22 , M 23 and M 24 are singled out here as the 3-, 2-, 1-plane preserving groups in the Leech lattice that admit a representation as permutation groups on 24 objects. See [17] for more details on these groups and their relation to the Leech lattice.
Superalgebra Geometrical Representation Global symmetry group
Λ Leech , fixed 3-plane M 22 Table 1 : The extended superconformal algebras compatible with the chiral CFT, some of the possible resulting unbroken global symmetry groups, and the relevant geometric objects these symmetry groups act on.
Exceptional Holonomy and Sporadic Groups
Given an N = 1 superconformal algebra and a single fermion, in [11] it was shown that one can generate the extended N = 1 superconformal algebra associated with manifolds of exceptional holonomy Spin (7) . See [11] or [12] for more details of this construction, as well as the precise definition of this algebra. Given a choice of such an extended N = 1 algebra in the SCFT in the NS sector, we would like to know the global symmetry group leaving such a choice invariant.
Recall that constructing an N = 1 supercurrent in the free fermion orbifold theory breaks the global symmetry group from Spin(24) to Co 1 , while Co 0 ∼ = Z/2.Co 1 is the automorphism group of Λ Leech . In chapter 10 of [17] it is explained how certain subgroups of Co 0 can be described as stabilizers of certain lattice vectors in Λ Leech . Given an N = 1 SCA, one needs a single fermion, and thus a choice of R ∈ R 24 , to enhance it to the Spin(7) algebra. The choice of R corresponds to the choice of fermion used to construct the Ising sector of the superalgebra.
Therefore, the corresponding global symmetry group which commutes with this algebra must correspond to a subgroup of Co 1 which further stabilizes a line in the Leech lattice. We will discuss three such sporadic simple groups, each of which stabilizes a different class of vector in the Leech lattice [17] :
• The Mathieu group M 24 , of order 2 10 · 3 3 · 5 · 7 · 11 · 23 (= 244823040)
• The group Co 3 of order 2 10 · 3 7 · 5 3 · 7 · 11 · 23 (= 495766656000)
• The group Co 2 of order 2
See the tables in Appendix §B for the characters of their irreducible representations.
With similar reasoning to that in [16] , a choice of a one-dimensional subspace in the 24 of Co 0 , i.e. a choice of single linear combination of the 24 fermions, corresponds to a specific copy of an extended N = 1 superconformal algebra and a specific stabilizing subgroup of Co 0 . This amounts to a proof that the chiral CFT leads to an infinite-dimensional G-module for each of G ∈ {M 24 , Co 2 , Co 3 } when viewed as an extended N = 1 module. In the following we will show this explicitly, and we will find that the graded characters of the corresponding G-modules are naturally given in terms of mock modular forms.
Note that when the a 1-plane M lies inside a 2- 
For instance, comparing to the groups arising in the analysis in [16] 
Characters of the Spin(7) algebra
In this section we briefly review the results of the computation of characters of the Spin (7) algebra from [12] and their modular properties. The unitary representations of the SW (3/2, 2) superconformal algebra were classified in [13] . The algebra for manifolds with holonomy Spin (7) discussed in [11] is a special case of this algebra with c = 12. At c = 12 the algebra can be thought of as an extension of the N = 1 superconformal algebra by two additional generators (the stress-energy tensor of the Ising model, and its superpartner), with the constraint that the algebra closes. The algebra can be realized in two ways corresponding to whether the fermionic operators are integer or half-integer graded. These are respectively the Ramond and the Neveu-Schwarz Spin(7) algebra, which are isomorphic to each other.
The unitary highest weight states in the NS sector can be specified by two quantum numbers:
the dimension of the internal Ising factor, a, and the total dimension, h. The characters for each of these states were conjectured in [12] , and are given in terms of standard (mock) modular forms. Here we briefly review these results; see [12] for more details and derivations. First define, for all positive integers m and r ∈ Z/2mZ,
Note that θ m,r (τ ) = θ m,−r (τ ) and the vector-valued function θ m,r (τ ) transforms under SL 2 (Z)
as
where S, T are the 2m × 2m unitary matrices with entries
We also define
has the so-called elliptic transformation property:
Its completion, defined as [7] f (m)
transforms as a Jacobi form of weight 1 and index m. For later convenience we also definẽ
, and
The characters χ and we have defined
.
The massless character of total dimension h = 1 2 is given bỹ
Here, 17) and the other two massless characters can be found using the BPS relations which relate massless and massive characters:χ
where we useχ . From its definition and (4.7) we see that one can define a (non-holomorphic) completion of this function which transforms as a weight 1 modular form under Γ θ . Using the identity
for 0 < 2mα < 1, 2mβ ∈ Z, we see that the completion is given bŷ
where we have defined
Including the factor of P, the characterχ
= Pµ N S as a whole transforms as a weight 0 mock modular form under Γ θ , defined as
The characters in the Ramond sector take a very similar form. The massive ones are given
(4.27)
We refer to [12] for a more detailed discussion on the Ramond sector characters.
The Modules
In [12] it was shown that the graded partition function Z N S (τ ) of equation (2.6) has a decomposition into characters of the Spin(7) algebra of the form
where a 0 , a 1
16
, a 1 2 , b n , and c n are all non-negative, integral constants.
Note that it is necessary to also use the Ramond-sector partition function and the correspondence between NS and R sector states, summarised in Table 2 Using the relations between the massless and massive characters given in (4.18)-(4.19), we can repackage the decomposition in the following form
where
and
Note that this decomposition procedure entirely analogous to the corresponding N = 2 and N = 4 decompositions of the present CFT [16] .
The modular properties of µ N S and θ N S given in the previous section imply that f := ( f1 f7 ) is as a weakly holomorphic weight-1/2 vector-valued mock modular form for SL 2 (Z) with shadow 24S(τ ). From (4.2)-(4.5) it is straightforward to see that S is a vector-valued modular form of weight 3/2 with the multiplier system σ : SL 2 (Z) → GL 2 (C):
Explicitly, σ satisfies
Recall that we have shown that this theory furnishes a module for the Spin(7) superconformal algebra admits an action of a group G whenever G stabilizes a line in the Leech lattice. Therefore, the twined partition function Z N S,g for g ∈ G admits a decomposition of the form
with coefficients of
given by characters of the bi-graded G-module
By construction, this G-module can be seen as arising from the SCFT viewed as an extended N = 1 CFT. The first few coefficients of the q-series f r,g for all conjugacy classes in G for
See also Appendix D for the decomposition of the first few representations V G r,n into irreducible G-representations. We can now determine the modular properties of f g := (f 1,g , f 7,g ). For χ g = 0, the above analysis shows that f g is a weakly holomorphic weight-1/2 vector-valued mock modular form for Γ 0 (n g ), n g = ord(g), with shadow χ g S(τ ). In particular it has the multiplierσ : Γ 0 (n g ) → GL 2 (C), given by the inverse of the multiplier (5.7) restricted to the Hecke congruence subgroup Γ 0 (n g ). Recall that Hecke congruence subgroup is defined as
For those conjugacy classes of G ∈ {M 24 , Co 2 , Co 3 } with χ g = 0, namely when the corresponding Frame shape (see Appendix B)
has 1 ∈ I g and hence no (anti-)fixed point, f g is a vector-valued weakly holomorphic weight-1/2 mock modular form for Γ 0 (n g ). Its multiplier system is given by
where ρ Πg : Γ 0 (n g ) → C * is given by
(5.16) Namely, there is the above extra multiplying phase when the corresponding Frame shape is also a cycle shape. Note that for G ∼ = M 24 , this is precisely the same multiplier system as the M 24
case of umbral moonshine. See [5, 6, [18] [19] [20] .
Discussion
In this paper and in previous work [14, 16] , we give examples of how sporadic groups can arise in a relatively simple theory. The relevant modular objects in the present work and in [16] are mock modular forms, and the appearance of these kinds of functions is directly related to the extended superconformal algebras that appear as infinite-dimensional symmetries of the theory.
It is natural to wonder how generic this connection between mock modular forms and sporadic groups is, and how to construct these instances in general.
It is also natural to wonder if there is any relation between the types of connections relating mock modular forms and sporadic groups discussed here, and those in umbral moonshine. First, one might wonder if there is any relation between the M 24 module constructed in the present paper and the one underlying the M 24 umbral moonshine [4, 21] . As commented earlier, these two sets of functions have the same multiplier phases (5.16) and hence correspond to the same cohomology class in the group cohomology H 3 (M 24 , C * ) (cf. [22, 23] ). On the other hand, the resulting M 24 representations involved in the two modules seem to be distinct from each other.
One also notes that the vector-valued function (f 1 , −f 7 ) has identical shadow (up to a scaling factor) and hence identical multiplier system as the mock modular form underlying the umbral moonshine case corresponding to the Niemeier lattice 3E 8 .
Finally, another related construction [24] based on the same free fermion orbifold theory leads to modules for subgroups of Co 1 fixing 4-planes. These are proposed to be related to symmetries of K3 sigma models. It would be interesting to explore what the connection, if any, between the sporadic group modules in the present work and K3 is.
A Jacobi Theta Functions
We define the Jacobi theta functions θ i (τ, z) as follows for q = e(τ ) and y = e(z):
The weight four Eisenstein series E 4 can be written in terms of the Jacobi theta functions as
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